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ABSTRACT 
The propagation of an initial one-dimensional dens1ty 
discontinuity is studied. The solution for times much shorter than 
the mean free time between collisions (i.e. collisionless), and the 
solution for times much longer than the mean free time {i.e. Euler) 
are functions of the same similarity variabl e x/t. They differ only 
in the details ~f the pro~ile s. 
A method for evaluating the first effect of collisions is 
developed as an expansion in time with coefficients as functions of 
the similarity variable. The solutions are obtained in detail for both 
the Krook collis1on model and the exact collision integral for inverse 
fifth-power repulsion. 
The Krook model is found to agree qualitatively with the "exact" 
solution except in the region of eventual shock formation for high initial 
density ratios. In that region the Krook model tends to overestimate 
the effect of collisions. The first effect of collisions in general alters 
the free molecular solution in the proper direction towards the Navier-
Stokes result. The "first collision" solution appears to be valid up to 
times of the order of a mean free time between collisions on the h1gh 
pressure side. 
Analysis of the long ttme solution through the Navier- Stokes 
equations under the assumption of no interaction between the shock 
and contact surface indicates that the Euler solution is not relevant 
until times of the order of 1, 000 mean free times. The no-interaction 
Navier-Stokes solution is valid for times in excess of 50 mean free times. 
The transition from the "short-time", first collision solution to this 
"long-time" no-interaction Navier-Stokes solution takes place in a time 
interval between 1 and 50 collis1on s per particle. One concludes that 
the major part of this transition to the "long-time" solution must take 
place within that part of the Navier-Stokes regime where ti-e shock, 
contact surface and expansion wave are not distinct but interact with 
each other. 
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I. INTRODUCTION 
I. 1 Propagation of an initial density discontinuity. 
In a number of fluid dynamic problems of current interest 
solutions are reasonably well established only in the limits of 
collisionless and collision-dominated flows. In steady external flow 
problems around bodies, efforts at de scribing the process of 
transition from the ''free molecular" to the inviscid limit (with 
possible boundary and shock layers) are hindered by the difficulties 
in the perturbation away from free-molecular flow. This d ifficulty 
is understandable, since collisions always dominate far away 
from the body, and thus cannot be considered a small perturbation 
at large distances. In external flow problems one bou n d ary condition 
has to be applied at infinity, so that any pertu rbation scheme will 
necessitate applying boundary conditions in a region where the 
solution is invalid. 
In order to study the effect of collisions, it is therefore 
more desirable to look at an initial value problem, where the effect 
of collisions is proportional to the elapsed time expre s sed in units 
of the mean free time between collisions. Furthermore to eliminate 
the uncertainties of gas-solid interface interactions a problem with 
no solid boundaries can be chosen. One such problem that can yield 
useful information as to the effects of colli s ion is the sudde n release 
of a gas discontinuity. Conceptually one can imagine two semi-infinite 
z 
regions of gas of different thermodynaznic states (both in 
equilibrium) separated by a diaphragm until it is broken at time 
t = 0. This is just the idealized shock-tube problem. Collisions 
alter the initial collisionless profile into one containing shock and 
contact layers which are thin compared to the separation betV~e en 
them. The initial formation of these " discontinuities' ' is of great 
fluid dynamic interest. 
This particular problem is chosen for the additional rea s o :1. 
that both limiting solutions are similarity solutions of the s a m e 
variable. If a diaphragm is removed at timet= 0, the collisi onles s 
and the Euler solutions ar e both functions of x/t alone. Thi s fact can 
be of great help in analyzing the effect of colli s ions. Sinc e the two 
solutions satisfy the s a m e boundary cond itions at plu s a nd m inus 
infinity, they can only vary as to their d etailed f orm in b etween. 
The tran s ition solution can be consid ered in a plane d etermine d 
by the coordinates x/t and t, where the coordinate t i s now a :iir e ct 
mea sure of the effect of collisions . 
The solution of a n y initial value problem i s in principle 
possible because of the characteri s tic form of the Boltzm ann equation. 
In practice, however, the c a lculation of the collision integ r a l along 
the characteristic require s knowing the value of the di s tribution 
function along all the other characteristics, and integration ove r 
several variables. In gener a l these integra tions cannot b e a ccom.pli s he d 
even with high speed computers. Second ly, c e rtain conve r g ence 
3 
difficulties, even with an approximate collision model, make this 
approach limited in its usefulness to times of the order of a mean 
free time, as illustrated by Willis ( 1960). An alternative approach, 
of course, is to use a moment method. (Lees (1959). Krook (1959} ). 
In this problem, this procedure is equivalent to replacing the 
infinite set of characteristics V x = constant in the Boltzmann 
equation by some finite set which are functions of (x/t) as well as 
the macroscopic parameters. The large number of simultaneous 
non-linear differential equations (at least five to retain the 
independence of the two transport terms) required to obtain a 
reasonable solution in this problem makes the approach unfruitful. 
Another alternative approach would be to use the discrete 
velocity distribution approximation suggested by Broadwell ( 1963). 
In this problem the only mathematical difference from the r.J.oment 
methods would be in changing the characteristic s to constants. 
There is of course some difficulty in the fact that the solution 
could be strongly dependent on the choice of the discrete velocities 
for the distribution function. 
Monte Carlo methods could in principle also be applied 
to this problem in a way similar to that used by Haviland and Lavin 
( 1961 ). The fact that the initial di atribution function i s known would 
make the method even more applicable. The fact that two variables 
are present would greatly increase the numerical difficulties and 
probably tax even modern high speed computers beyond their 
capacity. 
4 
. An alternative approach is to discard the possibility of 
a direct calculation from collisionles s to in viscid flow as unattainable, 
and concentrate instead on the initial deviations from the two limiting 
solutions. For long times a Navier-Stokes solution that includes 
some interaction between the contact surface and the shock would 
be expected to extend down to about 100 mean free times (based on 
the high pressure side), and possibly to even shorter times. 
The first-collision calculation should be valid up to the order of a 
mean free time. The remaining gap though difficult to bridge 
should not cause any difficulty, because no unusual new phenomenon 
is expected to occur there. As an example of the type of information 
that might be obtained by this approach Figure 1 gives the velocity 
at the "contact" surface obtained by Goldworthy ( 1959) by s olving 
the Navier- Stokes equations (without interaction) around the contact 
surface, and a s hort time solution obtained in the pre s ent work. 
The two solutions cross at a time equal to 7. 5 reference mean free 
times, or three or four local rnean free times, as might be expected. 
What is important is the fact that the g eneral nature of the s olution 
is determined from these two perturbation solutions, and only 
quantitative detail could be expected from a more precise calculation 
of the "transition" regime. 
We shall concentrate in this stud y on the s hort-time 
initial effect of collisions. This region is important, becaus e the 
choice of collision model is most likely to have the greatest 
5 
consequences here. Under special initial conditions the exact 
collision integral required to determine the initial effect of 
collisions can be sufficiently simplified to make numerical 
calculation feasible. Thus a real comparison is possible 
between this ''exact" calc:..;.lation and one based on the Krook 
model (Bhatnager, Gross and Krook ( 1954)(which is the one 
most used in near-fret molecular flow analysis). 
The general theorj- of the initial response of gases to the 
release of a one-dimensional discontinuity is derived in Section II. 
The calculation of the first order perturbation from the collisionles s 
solution base<i on the Krook collision model is discussed in Section 
ill. Section IV contains a discussion of this first order perturbation 
with the exact Boltzmann collision integral for inverse fifth power 
repulsion. Some remarks about the expected range of validity of 
these solutionsare contained in Section V. The results are presented 
and some conclusions drawn in Section VI. 
6 
ll. PERTURBATION FROM COLLISION-FREE SOLUTION 
A uniform gas in the half space x > 0 has the density p+ 
and temperature T+. The half space x < 0 is filled with the same 
gas but at density p _ and temperature T _. The imaginary diaphragm 
separating the two regions is withdrawn at time t = 0. The 
subsequent motion is governed by the following kinetic equation 
a£ a£ ~t (vx• vy• vz• x, t) + v "''r"(v • v • v , x, t) = J(v , v • v • x, t) 
OI X OX X y Z X y Z 
where f is the distribution function and J is a term representing the 
net gain per unit time of particles in the velocity space around v , 
X 
vy , v z• as a result of collisions. 
In general, J is a complicated integral function of f 
regardless of whether the Boltzmann collision integral or son-1e 
model term is used. Thus integration along the single characteristic 
or particle path yields a complicated non-linear integral equation. 
Presently only limiting solutions for time s very short and very long 
with respect to the mean "free ' ' time are available. The short-time 
solution is obtained by dropping the collision term and solving the 
differential equation for f. The long-time solution is obtained by 
equatmg the collision term locally to zero everywhere, yielding 
a Maxwellian distribution functiun, with parameters determined 
by defining the mean quantities p. u and T. 
( 2. 1) 
7 
This long-time solution is the well known idealized 
shock tube solution and is discussed. for example, by L L Glass 
{1958) and G. N. Patterson (1948). The solution is obtained by 
matching the velocity and pressure behind a shock propagating 
into the low pressure region to the velocity ard pressure obtained 
behind the expansion fan propagating into the high pressure regj.on. 
The density and temperature are discontinuous at the contact front. 
which moves with the flow velocity. The solution is a function 
of a single variable x/t, because there can be no separate length 
or time scale in the problem. 
The short time (collisionless) solution is not as well known 
(first studied by J. B. Keller ( 1948)), but is very easy to obtain. 
For an initial value problem such as we are considering, the 
collisionless Boltzmann equation without body for c es has the 
simple solution 
The shift in coordinate (x - v t) is an expression of the fact 
X 
that without collisions or body forces particle paths are straight 
lines. The relation between f at t and f at zero time expresses 
the fact that the distribution density is unaltered along particle 
paths. 
If the gas on either side of the diaphragm is initially at 
rest and at equilibrium, it seems reasonable to specify the initial 
(2. 2) 
distribution function as a different Maxwellian for x > 0 and x < 0 i.e. 
8 
z z 2. 
m 3/2. :-:m(vx +Yy +vz ) 
n ± ( ZwkT+ ) exp ( , !k1'+ ) 
- ')! 
for x ~ 0 
where k is Boltzmann constant, m the molecular mass, and n 
is p/m the number density. For these initial conditions 
integration to obtain the moments can be done immediately. 
A lack of a characteristic time or length scale again insures 
that the solutions are functions of the variable x/t alone. The 
physically significant moments are: 
( x ) = p- R T- ( 1 - e r £( x ) ) + Pt R T + ( 1 + e r f ( x ) ) 
Po r 2 V2RT_t 2 Y2F..TJ 
+ 
povo x 
3 ( r - v o> 
( p ) 2 (x-v) Pxx = XX - p 0 = 3 Po v 0 r 0 
0 
+ RT 
-..fiRT_ 
P- - l(i"""' 
2 \)2RT+1 2 
-x ) ( -x ) exp ( 2 - P+R T+ _ '-., exp l 2RT t v" 2RT+t 
where R is k/m, the gas constant. 
(2.. 3) 
(2.. 4) 
(2. 5) 
(2. 6) 
(2. 7) 
(2. 8 ) 
9 
Figure Z is a cmnparison of the Euler and collisionless 
solutions for the case of uniform initial temperature. The velocity 
and density profiles are shown for three initial density ratios 
P+IP- = 0. Z98, 0. OZOl. 0. 375 x 10- 3• which correspond to 
shock Mach nwnbers in the Euler limit of M
5 
= 1. Z7, Z. 00 and 
3. 00, respectively. The similarity between the Euler and 
collisionless solutions is remarkable. The "collisionless" velocity 
profile is much steeper on the low density side than on the high 
density side, although not in as pronounced a way a s the Euler 
solution. The "collisionles s" density profile looks in many 
respects like the best mean smooth curve through the discontinuous 
Euler profile. These similarities suggest that the broad aspects 
of the solution for this initial value problem are determined b y 
the kinematics rather than the detatls of the interaction or n on-
interaction between particles. Conservation of m as s and m omentum 
guarantee that the integrals under the curves have to be identical 
for the two solutions. The additional fact that the mean m olecular 
speed and the speed of sound are of the same order guarantee s 
that the (x/t) scale for both s olutions is s imilar. 
The proper solution for large time i s really the Navie r -
Stokes solution with a contact surface growing as'{t.'and a constant 
thickness shock wave. In the (x/t) variable of (Figure 2) the 
discontinuities of the Euler solution have to be modified by " boundary 
10 
layers" of thicknesses of order 1l..[f'and 1lt for the contact 
surface and the shock wave respectively. Thus, for any 
finite time the smoothing of the discontinuities would make the 
qualitative similarity between the 11 short" and "long" time 
solutions more pronounced. The effect of collisions is limited 
in this problem primarily to local steepening of gradients 
(in the xlt variable) in the vicinity of the contact surface and 
shock wave. 
The fact that both asymptotic solutions (for t-+0 and t ~co) 
are functions of (xlt) only suggests the transformation to a new 
coordinate system proportional to xlt, and t, where now t will 
be a direct measure of the effect of collisions . W e d efine new 
.------, 
variables N = xl c
0
t and Cf: = tlt:t.:f where c i s \1 2R T _ and 
·o o 
c;: i s the reciprocal of the collision frequency at x-?--oo. By 
fo 
- 3 
non-dimensionalizing the other variable s as f = (m)c
0 
I p_ • 'f 
- 3 
and J = p_CZ:folmco . J and vx• vy, vz = vxlco, v/co• 
v I c respectively, we obtain a new form of the Boltzmann equation 
z 0 
'1;' J ( v x • v y• v z, N, '6' ) {2. 9) 
where the bar s have been dropped for ease of n otation. 
11 
The initial conditions in the new variables can be stated as 
and T = T /T 
r + -
This equation can be integrated by the method of 
characteristics to yield 
f(v , v , v , N /a>) 
X y Z 
N 
= (vx - N)?;' s 
!oo 
+ + f(v ,v ,v, N~- oo, 0) X y Z 
> for (N - v ) < 0 
X 
If J was just a given function Eq. (2. 11) would of cour r:: e ce an 
exact solution. Since, however, J is itself dependent on an 
integral off this result is an integral equation. When ~~ 0 
there exists the possibility of a perturbation type of s olt:Ltion 
obtained by evaluating J from f (the colli s ionless s olution), and 
0 
thus obtaining f 1 linear in ~, etc. This procedure yield s 
solutions in the form of a power series in C't:J with the coefficient 
of '2tn being determined by integrals of J n- 1• which in turn i s a 
(Z. 1 O) 
(Z. 11) 
12 
function of all the lower coefficients of the f expansion up to 
~n-1 * 6 I i. e. I 
and 
f ( v I v • vz. N. ~ ) = X y 
J(vx• v y• v z' N, 'a' ) = 
2:: 
n= 0 
2: 
n= 0 
n f (v,v,v,N)cc> 
n x y z 
J ( v , v • v • N) C[;'n 
n x y z 
where f (v ,v ,v ,N) 
n x y z = (v - N) X 
n 
(v _ N1)n+ I SN J 1(v , v , v , N
1 )dN1 
n- x y z 
and 
n~ 1 
f (v 1 v • v 1 N) 0 X y Z 
±oo x 
for (N - vx) ~ 0 
2 2 2 
-(v + v + v ) 
e x y z 
= --~----------------1T3/Z 
2 2 2 
-(v + v +v )/T 
e x y z r 
Pr (1rT )3/2 
r 
v > N 
X 
v < N 
X 
The same results could h ave been o btained f rom the 
differential eq uation (Eq. 2. 9) directly by a ssuming that f can 
be expand ed in a Taylor serie s in C)] . 
* If the equation had been integrated along the characteristic ::; 
(2. 12) 
(2. 13) 
(2. 14 ) 
(2. 15) 
by splitting the collision term into a loss and a gain term and t hen 
keeping the loss term - :)) f on the lef t as done ::-. y Willi s (19 58 ) t he 
integral equation would of cour s e have a diffe ren t f or:m. . It can, 
however, be easily verified that at least the fi r s t orde r ter~n 
o btained by evaluating the gain term on the ::a J i s of t he c olli s ionle sc 
s olution can in thi s prob lem be expanded in ~ to yield t he term 
line ar i n C(j i d entical to that o btained by our metho d. 
13 
Setting aside for the present the questions of validity 
we look at the solution for f 1 (v x• v r v z• N) as the evaluation 
of the slope (8f/8'"t')'1:'~ 0. This coefficient represents the 
initial e££ect of collisions. Since one purpose of this paper is 
to study the validity of the ''Krook's" collision model, the 
''nearly collision free 11 region is of the greatest importance, 
because the limitations of the model are likely to be most 
stringent there. This first order perturbation away from the 
collisionless solution coupled with some approximate Navier-
Stokes solution for large times should go a long way towards 
determining the transition from the colli s ionles s to the colli s ion-
dominated regime in this initial value problem. 
We are interested mainly in the moments of f 1 and not 
f 1 itself. These moments are non- singular if J is either 0 
analytic or has an integrable singularity at v = N. Before 
X 
proceeding to prove this state1nent we first express all the 
physically meaningful moments in a m ore convenient form. 
If we confine ourselves to m oments no higher than the heat flux, 
we notice that in this one-dimensional problem integrations over 
the transverse velocities v and v can be carried out in advance, y z 
Since only 1 and (v 2 + v )2 enter into the integrations over v y z y 
and v we can define new functions 
z 
and 
FN = 
n 
Q() 
ss 
-co 
-oo 
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f dv dv 
n y z 
f (v 2 + v 2 ) dv dv 
n y z y z 
as well as JN and JT similarly defined. 
Now FN1 is related to JN0 , while FT 1 i s related to JT0 
on ly. The p e rturbation moments can in turn be d efined in 
term s of s ingle integral s of F N 1 and FT 1 over vx. Suppose 
the phy s ically meaningful variables are cons i d ered as e xpans ion s 
a nalog m:w to the expansion of the d i s tribution function, as follow s : 
(2. 16) 
d en s ity p = p
0
(N) + p1 (N)'i+ · · · 
v e locity v = V 
0
(N) + v 1 (N)Ct> . . . 
pres s u r e p = p
0
(N) + p 1 (N)Ct' •• • 
T emperatu r e T = T 
0
(N) + T 1 (N) '0-' • • . 
stres s p =p (N) + p (N) '(;' • •. 
XX xx
0 
xx1 
heat flux q x = q (N) + q (NV,~ ... 
x o x 1 
whe r e z e roth order q uan tities are the colli s ionles s solu tions 
det e r m i ned b y equations 2. 4 t h rough 2. :.3 , a n d non -dime n s i onali zed. 
The ex.Pressions fo r the fir s t o r d e r qua ntiti es a r e: 
p1 (N) 
v 1(N) 
p1 (N) 
T 1 (N ) 
P (N ) = 2( p 1 - MT
0
z) 
xx1 
{2.1 7 ) 
( 2 . 18) 
(2 . 19 ) 
{2 . 20) 
( 2 . 21) 
( 2 . 22) 
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qxl (N) = MN~ + MT~ - v 0 (3(MNf- v0MN~) + MT~- p 1 v~) 
vl 
- ~(2Po + 9qx ) 
0 
00 
MNn s n = v FN1dv 1 X X where 
-oo 
and 
00 
MTn s n = v FT 1dv 1 X X 
-oo 
Since p does not go to zero anywhere and all the zeroth 
0 
order variables have no singularities the only singularities of 
the first order variables arise from the MN~ 's and the MT~ 's 
These quantities can be related to the JN and JT as follows. 
0 0 
00 
MN~ = ~ 
N 
N 1 ~ JN (v , N ) 1 n o x v (v - N) I 2 dN dv X X (v -N ) X 
-oo x 
N 
+ \ v n (v - N) U X X 
-oo 
with a similar relation for MT~. By defining new variable s 
(2.23) 
(2. 24) 
(2. 2 :::.) 
E, = v - Nand o = v - N 1 and interchanging order s of integration 
X X 
we obtain 
00 0 
MN~ = J s (N + E,)n ? JN0 (N + E.,, N + c - o)dt.do 
-oo 0 
(2. 26) 
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againwith a similar relation for MT~. In this form it is 
apparent that as long as the singularity of JN (v , N) is 
0 X 
n integrable at vx =: Nth~ MN1 for any positive n will have no 
singularity in N. 
We are now ready to look at the details of the solution 
in both the Krook and the exact collision integral cases. 
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III. KR.OOK COLLISION MODEL 
In order to avoid the complex.itie s of the collision 
integral it is often replaced by a model term first suggested 
by Bhatnager, Gross and Krook ( 1954). This model can best be 
considered as an ad-hoc assumption where certain assumed free 
parameters in the collision term are related to macroscopic 
properties by requiring the conservation of mass, momentum and 
energy as well as the best fit to the approach to equilibrium results. 
The collision term is usually written as 
J = c y (f - f) 
eq ( 3. 1) 
where c is a constant,')) is a local collision frequency (independent 
of particle velocity) and f is the local Maxwellian di stribution 
eq 
function with local d ensity, velocity and temperature as parameters. 
The model can b e justified as plausi b le because it has several 
properties that are identical to the exact colli s ion integral. The 
loss term -c y f has the correct form, and for the cas e of inverse 
fifth power repulsion is identical to the exact term (because -;).) 
can then be assumed as independent of particle velocitie s ). The 
gain function c ).lf has the correct form to guarantee the three 
eq 
conservation laws for the collision proces s, as well as giving the 
correct "relaxation to equilibrium" type of behaviour with f g oing 
to feq when collisions dominate. The fact that only one constant 
18 
c is pr,esent means that only a single collision ' time" (relaxation 
constant) can be defined. This means that c can be chosen to 
match correctly one of the transport properties such a s Vi s cosity, 
or conductivity but not both. The model therefore inherently 
fixes the value of the Prandtl number in the continuum limit. 
In our notation the model becomes: 
J(v ,v. vz• N,~} X y 
(N ~) l- p(N,C(;'} 
• (2wRT(N,~))3f2 
-f(v. v, v, N,CC') I 
X y z I 
_; 
2 2 2 
( 
- ( ( v x- v( N. ~ ) ) + v + v z )) 
exp y 
2R T(N, '(: ) 
One s hould not, however, be misled by the relative 
eimplicity of the form to assume that the solu tion can n o w b e 
o btained directly. T he fir s t term i n the b racket i s not a known 
function b ut d epends on f through the param eter s p , v, T which 
are integrals off over velocity s pace. In a pertur bation s cheme, 
such as suggested here, p, v, T fr om a lower orde r s olution 
are us e d . The fact that the calli s1on term i e o n l y a l gebraically 
related to these quantitie s makes this muc h simpl er than the 
e xact calli sion integral. 
(3. 2) 
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The perturbation from the collisionless solution, f 1, can then 
be evaluated in terms of the integral over functions involving 
only the density, p , velocity, v , and temperature T , based 
0 0 0 
on the collisionless solution. The quantity J is a function 
0 
which has a discontinuity at v = N (contained in £ ), but J is 
X 0 0 
well defined and analytic everywhere else in the v , N plane. 
X 
From the form of the expression for f 1 {Eq. 2. 14) it is apparent 
that there is a possibility of singular behaviour at vx = N. For 
J 
0 
determined by the Krook model,£ 1 in the vicinity of v x = N 
can be determined by successive partial integrations for either 
v > N or v < N without ever having any difficulty w ith the X X 
discontinuity at v = N. For either v > N or v < N · the function 
X X X 
£1 has the form 
dJ f 1 ( vx' v , v , N) = J ( v I v , v 1 N) - ( v - N) :::.::..0.. ( v , v , v 1 N) y :; 0 X y Z X dN X y Z 
near vx = N. Thus £1 is finite though discontinuous at vx = N 
because of the discontinuity in J . The approach from either side 
0 
to v = N is (v - N) ln {I v - Nl ); thus the fir s t d erivative i s X X X 
logarithmically infinite. Figure 3 is a typical three dimensional 
profile for FN 1 (defined by Eq. 2. 16), for an initial d ensity 
dis continuity. Any integral over v is quite insensitive to the 
X 
detailed behaviour of FN1 at vx = N. Not only doe s that region 
contribute only a portion of the total integral but the contributions 
from the two sides of v = N tend to cancel each other. 
X 
{ 3. 3) 
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. The moments can be calculated directly fr cnn equations 
(2. 18) .to (2. 23) with JN
0 
and JT
0 
expressed as follows 
( 
p (N) 
= cp (N --0---
o ( wT (N))l/2 
0 
2 0 (v - v . (N)) exp (- x 0 ) - f (v , N) (3. 4) 
T (N) 0 X 
0 
and 
(
po(N)To(N)l/2 ( (vx-v JN))2) 0 
= cp (N exp - - f ( v , N) 
0 1r T (N) 0 X 
0 
' \ has to be chosen proportional to p to facilitate later Yo o 
comparison to the results obtained by use of the exact collision 
integral for Maxwellian particles. The value of the constant i s 
chosen as c = w/4 in order to make the fourth morne·nt equation 
(for the str ess) take the correct form for Maxwellian m olecules 
where Y = w/4 fiP is taken a s a definition of collision frequency. 
This choice however, forces the coefficient of the colli s ion 
term in the heat flux moment e q uation to be incorrect by the 
factor 3/2. Because of the non- singular behaviour of JN and 
0 
JT the moments will all be non- singular and wel 1 l:: ehaved . 
0 
The numerical work of calculating the momen t s w a s carried 
\ 
out for the case of an initial d ensity discontinuity b ut equal initial 
temperature on both sides of the d iaphragm, even though thi s 
restriction is not an essential one. However i n the "exact" cas e 
this choice of initial conditions introduces great s ilnplification. 
Since the basic features of the solutions are not altered in the limits 
9:/~ 0/t'~oo. the assumption was not considered serious . 
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The numerical solution was carried out in a straight 
forward manner. Functions JN and JT were defined in analytical 0 0 
form in terms of *he initial density discontinuity by combining 
equations 3. 4 with ~· 4 and 2. 8. Equation 2. 26 was put in a more 
convenient form for 1\\Ullerical integration by changing to the 
variables X = f./6, Y = 161 and the resulting equation for any 
moment to 
00 1 
MN~ = s s 
0 0 
X [(N+ XY)n JN
0
(N+ XY, N-Y (1 - X)) 
+ (N- XY)n JN
0
(N- XY, N + Y (1 - X)~ dXdY 
with a similar relation for MT~. The physical variables were 
evaluated through equation 2. 18 to 2. 23. 
The numerical integration was carried out by quadratures. 
The Legendre-Gauss quadrature (Lowan, Davids and Levens on 
( 1942)) was chosen for X while a combination Legendre -Gauss 
and a modified Laguerre (National Bureau of Standards ( 1954)) 
quadrature(in Y 2 ) was u s ed for the Y integration, i n order to 
obtain the correct representation near infinity, while s till 
( 3. 5) 
evaluating the region around Y = 0 properly. Accur acy wa s checked 
by changing the orders of the quad rature s and b y e valuating som.e 
trial cases by direct Simpson' s rule integration. The quadrature 
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results were found to be accurate within about one percent 
with much shorter computing times than Simpson's rule. The 
numerical results are given in figures 8 through 14 together 
with the results obtained by using the "exact" collision integral 
for Max wellian molecules. 
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IV. "EXACT" COLLISION INTEGRAL 
In the "eXact" form of the Boltzmann equation the 
collision term has the general form 
J(it, F, t) = J]Jft<V! t, t) rr~:, Y, t) - f(~. '!, t) f(V1, 't, tl} 
I ~ ~, 3~ • v - v 1 bdbd c d v 1 ( 4. 1) 
where band £ are the parameters of collision, v, v1 are the 
velocities of the particles before collision and v 1' v~ ' are the 
velocities after collision. To calculate J in the present expansion 
0 
appears straight forward since f is known. However, thi s 
0 
calculation is not in general feasible, since J itself i s a five-
o 
fold integral, while the perturbation moments require three m ore 
velocity integrations and one space integration over N 1• 
The particular choice of initial conditions as an initial 
density discontinuity with the s ame temperature on both s ide s 
yields such a simple form for £
0
,that regardles s of the particle 
interaction model,J can be evaluated by two numerical integrations , 
0 
while the moments require only two additional n umeri cal integrations 
(as in the Krook model). By choosing Maxwellian m olecule s (fifth 
power repulsion particle interaction) another integration in the 
term linear in ( 1 - p ) can be evaluated analytic ally. 
r . 
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In our notation f takes the form: 
. 0 
(4. 2) 
where U(N -vx) is the unit function (zero for negative argument 
and unity for positive argument). By substituting this f
0 
into the 
expression for JN
0
, with the proper normalizations to correspond 
to our non-dimensioual coordinates we obtain the expression 
. ....2 ~2 ~1 2 ~1 2 (after conservahon of energy v + v 1 = v + v 1 has been used) 
JN ( v , v , v , N) = 
0 X y Z 
. 1 
U(N-v ) - U(N - vx ) - U(N -
x1 
2 2 
(
1 -p r [ 1 1 l~exp(-(v +vl )) + 4 2 r U(N - v ) U(N - v ) - U(N - v ) U(N - v ) • x x 1 x x 1 0 1T3 
JT i s identical except for a n additional factor{v 2+ v 2 ) multiplying 
0 . y z 
the integrand. 
Regardless of the actual numerical value of the integral 
its dependence on the initial dens1ty ratio is only quadratic, 
whereas the Krook model depends on { 1 - p )in a much more 
r . 
zs 
complicated way. An expansion of the Krook model in (1 - p ) 
r 
would necessarily yield higher order terms. One would suspect 
therefore that the Krook model cannot be an equally valid 
representation for the collision process for the entire range of 
initial density ratios. Furthermore from this form as well 
as phyeical consideration in the justification of the Krook model 
its accuracy would be expected to improve as (I- Pr)~O. 
Since the two terms in Equation 4. 3 can be evaluated 
separately we divide the collision integral into JN 1 and JN 0 OS 
(as well as JT 1 and JT ), which are coefficients of the 0 OS 
(1 - Pr)/Z and ((1 - Pr)/Z)2 terms, respectively. We now indicate 
the method of evaluating the collision integral by following in 
detail the evaluation of a typical term 
ffJ)jJ[ 
z 2 2 2 2 2 
-(v + v + v + v + v + v ) 
x y z xi y 1 z 1 I e 
U(N- vx ) J 
11' 
~ i 2 t • (vx - v ) + (v - v ) + (v - v ) bdbdt: dv dv dv dv dv ( 4. 4) xi Y y 1 z z1 y 1 z1 x 1 y z 
Three integrations can be carried out immediately by the change 
of variables 
v + v = Gt sin Q y yl 
v 
z 
( 4. 5) 
and yield 
~~rr Lt 
• bdbd 
where from Jeans 
26 
(1954), Chapter VIII 
v 
1 
= v + (v - v ) cos2 ~ + gt sin~ cos'±' cos £ X X x 1 X 
and \fl is the half angle of the deflection during a collision. Its 
dependence on b, (v - v ) and gt determines the collision model. 
x x 1 
Two choices offer further simplification. In the case of hard 
sphere collisions the independence of band g =/1/v -v ) 2 + gtzr 
. '(' x x
1 
allows -analytical evaluation of the integrations with respect to b and 
€, • In the case of Maxwellian molecule s replacement of gbdb by 
~ ada, where a= b (g2 /2mK) 1/ 4 , allows the analytical 
evaluation of all but the integration with respect to a, which has 
to be done numerically because of the implicit relation b etw.een 
(4. 6) 
l!' and a. We shall confine our s elve s now to Maxwellian molecules. 
The typical. integral to be solved therefore bEComes 
oooooo+l 
fiJI 
-oo00-1 
U(N- v + 
X 
(4. 7) 
Z7 
where § = cos E and <T = cos2 '¥ substitutionshave been made. 
This integral can be transformed to the following form 
ooNoooo 
JJJJ 
0 -oo -oo 0 
e 
-(v 2 + 
X 
(4. 8) 
by differentiating the integrand with respect toN and then integrating 
back after integration over £ , gt• and vx• has been accomplished. 
Alternatively the integration over § can .be considered as being 
'V 
transformed to the integration over N with a subsequent change in 
* the orders of integration . The gt integration can be carried out 
by shifting to a new variable x = g/ /2 - (f~- vx + (vx- vx
1
) 0')2 /(1{1 - cr) 
which result in the form 
Jfj 
0 -oo -oo 
* Integration of quantity (4. 7) can be accomplished by first 
differentiating with respect to N, which yields a o function from the 
unit function. The integration over £ is now facilitated, while the 
original quantity is regained by later integration over N. Alternatively 
(if o functions are to be avoided) the transformation to the form in 
(4. 8) can be accomplished by a purely formal transformation from§ 
to N in such a way that integration over t from -1 to + 1 yields an 
answer identical to integration over N from -oo to N, followed by a 
subsequent change of the order of integrations. The result s of the two 
methods are identical. 
( 4. 9) 
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Subsequent c01npletion of the square in the exponent for vr. 
~1 
integration over v , and a completion of the square inN 
xl 
frollowed by integration yields 
2 00 ) 
-v ~ J ~ (N -v (1 - o-~ e x + 1 + erf x 
1 
da2( 6) 
0 v'<J<2 - cs > 
Evaluating the other terms in a similar manner, with Maxwell ' s 
definition of collision frequency as J) = 4/w · pip. where p is 
kTA 3/Z A2~) and A 2 = 1. 3682, the linear terms in the 
collision integral become: 
2 
-v 
JNol = 0. 4775 e X rz 
(4. 10) 
00 
·J 
0 
[ (
N - v CT) ( N - v (1 - 0"" ))J 2 
sign (N- vx) + erf( N)- erf x2' - erf x 
1 
d(a (C' )) 
V1 -o- Vcr(2 - cr) 
and 
JTol = JN + O. 4775 
ol .y;r 
2 
-v 
e x fi 
( 2) -(N- v C:r) j f<N- vxcr) exp '(1 _ ;l) ( __L )+ 
o L vi a-2 1 + r:r 
2 da ( CT) 
( 4. 11) 
N - v ( 1 - 6"} X 
"'a-(2 - (Y >' 
( 4. 12} 
Z9 
The non-linear terms are obtained by similar methods~ 
although analytical integrations cannot be carried out as far as 
in the linear case. The relations become 
JN0 s = 0. 4755 VZ 
-v 
e x 
z 
e 1 erf + erf dv 
2N-v '2.t (N-v (1"-v (1-a)) N-v (1-cr)-v cr-~ J x -vx x x 1 ( x "1. j 
_
00 
'\1'"26'"(1-c::r)' '\/20"(1-~)1 xl 
and 
JT = JN 
OS OS 
o. 4755 '{Z 
4{Tr e 
-v 
X 
2 
( 4. 13) 
( 4. 14 ) 
30 
.The integration over a ( o-) can be carried out by solving 
for a (a ) as a function of Cl through the calculation of the 
collision process for inverse fifth power repulsion. Following 
the notation of Jeans we can obtain a as a function of () as 
follows 
2 ('J" = cos g 
0 
1 dx 
go' -= 'Yl ol A/-;=:::=:=;;-';::=====:::;::=::;:., I 2'. I 2 2 
0 1 - X 'V 1 + (1 - ~O ) X 
= Yl K("Yl 2-1) l 0 0 10 ( 4. 15) 
where K
0 
is related to the Elliptic integral of imaginary argument. 
The quantity a is related to 1J 
0 
through the biquadratic equation: 
2 
1 - 1J 0 
2 2 da 2 d ""Jo 
The differ;ntial da can be expressed as da = "'d1fo Cl(f' d<T 
where £;
0 
is obtained from equation (4. 16) while (d "1 
0
/dlY) (c:s-) 
is obtained through inversion of equation (4. 15). 
This inversion can best be accomplished by defining a new 
variable 0:. = 1 - 1] 
0 
2 
and solving equation (4. 15) in the new form 
by iteration. 
d. = 1 _ [cos-
1V'(TJ 
K (OC) 
0 
2 
Since (1 only varies between 0 and 1, K (C() can 
0 
be easily evaluated by the power series 
(4. 16) 
( 4. 1 7) 
K (x) 
0 
, 
= z 
GO 
L: 
n=O 
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C ( Z n - 1 ) ! ) z ( _ x) n I ( 1) I zZn-1 n. n - • 
Since K
0
( a; ) is a slowly varying function of~ for the range of ex. 
considered. the solution converges rapidly. 
By noticing that the integrand of da2 ( a-) is symmetric 
around (J = ! (i.e. replacement of a by ( 1 - (J") leaves the 
(4. 18) 
integrand unchanged} we can fold the integration over by integrating 
from 0 to ! over both a- and <5 1 = ( 1 - CT) and adding the two 
parts. By changing 0" 1 back to o- we can express the differential 
da2 as 
( 4. 19) 
where (3 is defined by the solution of the equation: 
(4. 20) 
while K 1 is related to K 0 by the relation: 
GO 
Kl(x) = (I- x) d,::o =·i (I- x) ~0 (~;:t!!+! !J (4.21) 
m!(m+ 1)! 
3Z 
·Since the relation between da2 and d(S" is only an 
expression of the geometry of inverse fifth power particle 
interaction it can be determined independently of the problem 
under consideration. This just leads to the transformation of 
the integral 
I(c-(az)) daz = J I(.,-) we <a-> da-
o 
where I is any integrand and WC ( cr) is a numerically evaluated 
( 4. ZZ) 
function dependent only on the choice of fifth power interaction law. 
One can now. in principle, evaluate the collision integral JN
0 
and 
JT numerically for t h e problem under consideration. · It is mor e 0 . 
convenient. however. in the calculations of the 1nom ents to leave 
this tJ integration until all the other integrations have b een accomplisne :i. 
In studying the nature of the colli s ion integral, let us look at the 
integration of JN01, for ins tance. 
C1d CF/cr 
5/ 4 (from equation 4 . 15, 
2 A s cr ~ 0 da b ehaves as 
4. 19 and the definition of ex. 
while the leading term of the re s t of the integrand b e haves as 
. c2(~/(N- vx)) e -((N - vx)/-vzo::')Z for I N- vxl >"V26'. Thus 
for all finite IN- vxl the integral i s convergent. A s f N- vxf---:,.-o 
the integrand has a sharp peak n ear () ~/N - vx J 2 a nd can be 
approximately integrated i n tre a bove form to give the a n3wer that 
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c 3 sign (N- v) 
VIN-vxl' 
+ h. o. t ••.• 
The other terms of the collision integral can be shown to contain 
the same type of singularity. 
The collision integral. therefore. for Maxwellian molecules 
behaves very differently near v = N than does the Krook model. 
X 
This behaviour is physically explainable and reasonable. The 
Krook model by assuming spherical symmetry in the scattered 
particles restricts any pecularities around vx = N to come from 
the loss term alone. In the Maxwellian molecule collision integral 
(as for any power law interaction) the change in ff1 through a 
collision is finite even for a very small deflection in a collision 
for vx~N. while the number of such collisions is approaching 
infinity. Thus near vx- N = 0 the collision integral diverges. 
( 4. Z3) 
This divergence is not real, as it is a result of the breakdown 
of the validity of the Boltzmann equation in the region of v ~N. 
. X 
In this regime (near the initial discontinuity} the lack of a cutoff 
distance for interactions violates the binary collision assumption. 
Physically this can be considered as a result of the unrealistic 
initial conditions for the Boltzmann equation. The instantaneous 
removal of the diaphragm is inconsistent with the Boltzmann 
equation. as no times shorter than the duration of an average 
''collision" can be treated by the theory. Conceptually the divergent 
results can be eliminated by introducing a "thin adjustment layer" 
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(of the. order of a collision time) into the initial conditions to 
replace the discontinuity. Fortunately this need not be done in 
detail as the physically meaningful results, the moments, are 
finite because of the integrable nature of the singularity. 
The quantities JN and JT are constructed from 
0 0 
JT 1 and JT by substituting into the formulas 0 OS 
(1 
- Pr) c ;PJ 2 JNo = JNol + JNos 2 
c- p) c; Pr) 2 JT :z: Z r JTol + JT (4. 24) 0 OS 
The distribution function f 1 (N) can be evaluated in a fashion 
identical to that used in the Krook model calculation. Equation 2. 12, 
however, indicates that around v x = N, f 1 will have the singularity 
of J 
0
• Thus f1 based on Maxwellian molecules will also differ in this 
region from f1 evaluated on the basis of the Krook model. Figure 4 
is a map of f 1 in the vx' N plane. For fvx- Nj ~oo the distribution 
function looks very similar to that obtained by the Krook model, 
though near v = N the behaviour is of course quite different. From 
X 
the comparison of the two solutions in Figure 6 it is evident that any 
moment (integral over v ) cannot be strongly dependent on which 
X 
distribution function is used. Not only is the region of great 
discrepancy between the two solutions confined to a relatively narrow 
region around vx = N, but also the contributions to the total area from 
opposite sides of v = N cancel out. 
X 
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As already mentioned, for computational rea.sons it is more 
convenient to carry out the integration over v and N 1 first and 
X 
do the geometric integration over the collision parameter 6 
last. Figure 5 shows a typical contribution to a moment plotted 
as a function of the half angle between the asymptotes of 
collision. It is evident that no singularity exists in this last 
integration. 
The fact that the collision integral is a sum of two terms 
(linear and quadratic in ( 1 - p)'l allows computation of the 
moments for these two terms independently of the initial density 
ratio Pr' and then synthesizing a solution for any Pr by properly 
combining the two terms. 
The numerical techniques for evaluating the moments are 
very similar to those used in evaluating the Krook model solution. 
The integrations over v and N 1 are carried out in identical 
X 
fashion. The integration over v required in the quadratic terms 
xl 
of the collision integral is carried out by separating reg ions where 
analytical integration can be carried out from those where it cannot 
The direct use of a Gaussian q uadr ature in the numerical region 
and the addition of the contributions from the analytically available 
regions gives the total integrations. This step was essential because 
of the great dependence of the integrand on three parameters other than 
the variable of integration. The final integration over (j i s carried 
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out by a Lobatto (Radau (1880)) or Gaussian (Lowan, Davids, 
and Levenson (1942)) quadrature. Since this procedure specifies 
the points () . at which the integrand has to be evaluated 
1 
independently of any other parameter, da2 /dt5 was evaluated 
at those points independently of v x! Nor initial density ratio. 
The accuracy of the integrations was checked by changing 
the types am orders of the quadratures at some selected points. 
A further check on. the proper evaluation of the collision integral 
was obtained by taking the first three moments of J
0 
and comparing 
them with the sam.e moments of f 1• This procedure is in effect 
a check on the three conservation relations which the collision 
integral must satisfy. A similar check can be obtained by 
comparing the integral 
j 
-oo 
2 
v JN dv X 0 X with J 
-oo 
JT dv 0 X 
as their sum should be zero in order to conserve energy. 
All the checks yield the answer that the methods employed 
here are accurate to within about a percent in the bulk of the 
cases. The limiting case of solutions at large N for Pr~O 
causes some additional complications, because the final answers 
are obtained by taking differences between two large numbers to 
obtain a small number. The accuracy in the moments there must 
therefore be much better to yield accurate physical variables. 
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The points in that regime therefore required higher order 
quadratures to retain reasonable accuracy. This difficulty 
in the extensive properties such as density or pressure is 
unimportant because the general level there is itself small. 
The intensive properties such as temperature and velocity, 
however, can be appreciable in just those regions. 
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V. RANGE OF VALIDITY OF SOLUTION 
Though no general discussion of the validity of the solution 
is possible. the only possible solution separable in the coordinates 
~ and N satisfying the requirement of finiteness at Clf = 0 is 
the power series in CZ"' obtained in Section II. This discussion 
is carried out in detail in the Appendix. This result means that 
if such a ·separable solution is valid the first order effect of 
collisions is linear in ~ . 
Since £1 (vr · N) for the case of the Maxwellian molecule 
collision integral is singular at vx = N the function f 1 becomes 
infinite and the perturbation scheme fails. This difficulty. 
however • has already bee~ discarded in the previous section as 
a result of the initial conditions being inconsistant with the 
Boltzmann equation in this region of the v x! N plane. Conceptually 
the singularity can be removed by the introduction of an adjustmant 
layer either in the initial conditions or in the solution in the 
region where the Boltzmann equation fails. Since the contribution 
of this region to the physically meaningful mom ents is negligible 
this difficulty can be avoided. 
Even after the elimination of the singularity no precise 
mathematical derivation of the region of convergence is possible 
without knowledge of the general n 'th term in the expansion. 
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We are forced therefore to resort to less rigorous means of 
determining the possible regions of validity. If we concentrate 
our attention on only the first order term in the expansion w e 
can get some estimate of the range of its validity by looking 
at its ratio to the zeroth term. This procedure is based on 
the requirement that the first order effect remain a small 
perturbation. 
Possibly a better procedure is to evaluate the next higher 
order term and limit the validity of the first order solution to 
regions where the second order term is negligible. Unfortunately 
even an e s timate of this term can be obtained only for the Krook 
maiel case and not for the "exact" case. 
In the "exact Maxwellian molecule" case we are forced to 
re s ort to t h e fir s t method. Figure 6 represents s ome typical 
cas es of the ratio FN1/FN0 • H we limit the validity of the 
solution let u s say to FN1ct' /FN0 . = • 1 then we can o btain the 
max imum time that the solution, with this first order term 
alone, could be valid as 
Cf/ = • 1/(FN1/FN ) m o 
Neg lecting the fictitiously s ingular region near v = N w e c an 
X 
choose "G' ~ 1 for J v / < 2. 5. 
m x · For I v xl ~oo, the r atio 
FN1/FN0 i s proportional to vx a nd thus diverges. 
5. 1) 
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· This, however, is unimportant as the moments are obtained 
by integrating whh an exp (-vx 2) weighting function which makes 
this regi on contribute little to the total integrals. The same 
difficulty appears in the Chapman-Enskog procedure, (the 
distribution function can get negative for / vx f large) without 
seriously limiting the validity of the results. 
Figure 7 represents a typical example of the ratio of the 
moments. Here again it is apparent that if we base validity 
of solution on the ratio v1~ /v ~ • 1 the maximwn time~ ~ 1. 0 o m 
except when I Nl ~oo. The solution in that region, however, is 
of little interest, since both the collisionles s and the perturbation 
solutions are essentially zero, even if their ratio is high. 
In the case of the Krook model solution we can get an 
additional check on the validity by estimating the order of 
magnitude of the second order term f 2. At a point v = N, X 
FN1 = JN0 and FN2 = JN1/2, we have only to obtain JN1 from 
the Krook model to get an estimate of the maximwn value of FN2• 
Now JN1 is: 
where 
-x., 
2 (v - u ) 
X 0 
To 
1 
--z 
( 5. 2} 
( 5. 3} 
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Though it is hard from this expression to deduce the 
general nature of the JN 1 term a few calculations convince one 
that -p
0 
FN1 is the leading term. and that thereforejFN2/FN1Jat 
the point of discontinuity is always less than -!. (FN2 ~ -! JN1 + ••• ). 
Also since JN1 is of the order of JN0 or less. and the integral 
for FN2 has a faster decay in {v - N)(because of the 1/(v - N)
3 
X X 
term) away from vx = N, the ratioiFN2/FN11 would be expected 
to decrease somewhat faster than FN1/FN0 • We can therefore 
say that in general! FN2/FN1 f is less than J p 0 /2J and far from 
the line v = N probably considerably below that valu e. A few 
X 
graphical calculations indicate that I FN2/FN1 I over most of the 
vr N plane is of the order of . 1, just like J FN1/FN0 f . This 
result suggests that when FN 1 Cft /FN0~ • 1, neglecting the second 
order term even at~ ~1 is justified to within a few percent. 
Though the same type of analysis cannot be carried out for 
the "exact" case the similarity of the solutions between the two 
cases in the first order term suggests that probably the same type 
of result holds for the "exact" case. 
Unfortunately these statements about the order of magnitude 
of the corrections in the distribution function cannot be easily 
translated into orders of magnitude of the corrections to the moments 
without actually solving the problem. The basically similar behaviour 
of JN1 and JN0 suggests, however. that the overall ratio of the moments 
shou,ld be of the same order as {FN 2/FN1). though locally in certain 
regions this statement might not be true. especially at the zero's of 
first order moments. 
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VI. RESULTS AND CONCLUSIONS 
As explained in Sections III and IV, the macroscopic 
properties of density, pressure, temperature, velocity, stress 
and heat flux were calculated numerically for both the Krook 
model and the "exact" Maxwellian molecule case, for the case 
of equal initial temperature on the two sides of the diaphragm. 
The initial density ratios for the calculations were chosen by 
picking cases that would yield certa1n shock Mach numbers in 
the Euler limit. The cases of M . ----+ 1. 0, M = 1. 27, M J = 2. 0 
s s s 
and M = 3. 0 Vve." e calculated in detail. The case M ~1. 0 was 
s s 
chosen to illustrate the linearized limit. The M s = 1. 27 case 
was chosen because the s hock pressure rise normalized by the 
high pressure p_ is a maximum there. The M = 3. 0 case 
B 
was the largest Mach number for which calculations could be 
carried out without necessitating d ouble precision on the computer 
or more complicated numerical techniques. For a cold shock 
tube {T _ = T+ = T) at 15 = 5/3 the limiting shock Mach number for 
infini te pre s s ure ratio is only M = 4. 24; thus extension of the 
s 
solution from M = 3. 0 to thi s limit was not considered useful. 
s 
T he M
8 
= 2. 0 case was calculated in order to have an intermediate 
point . 
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The density profiles for collisionless flow p
0
, the Euler 
solution Pe• and the first collision perturbation p 1 for both 
collision models for three Mach numbers are represented in 
Figure 8a, b, c. Figures 9, 10, and 11 are similar plots for 
pressure, stress and heat flux. In all these figures the results 
for M = Z. 0 are omitted, because all the difference between 
s 
the M = 2. 0 and M = 3. 0 cases occur in the region of low 
s 
density {N >> 1), and are therefore negligible compared to the 
main disturbance. Figures 12 and 13 are similar plots of 
velocity and temperature, respectively, for all the Mach numbers 
calculated. Since these two properties are normalized by 
density the regions of low density are not attenuated and can 
thus be of great importance. Figure 14 is an expanded view 
of the velocities normalized by the initial density difference for 
all the calculated Mach numbers in the vicinity of the eventual 
shock formahon. 
It is apparent that for all the evaluated macroscopic 
properties the qualitative appearance of the first order term 
.. 
(linear in time) is very similar for both the Krook and the "exact 
Maxwellian" model. Quantitatively, however, the discrepancy 
between the two solutions is not constant either for different 
moments or at different positions {N = x/c
0
t). Because of the 
single free parameter in the Krook model the accuracy of the 
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different moments cannot be expected to be the same. The 
qualitative agreement is therefore surprisingly good. In view 
of the greatly different type of singularity of the distribution 
function obtained by the two methods, the great qualitative 
agreement between the macroscopic moments is an indication 
of the insensitivity of the macroscopic properties to the details 
of the collision process, as long as the basic conservation laws 
are satisfied. The rna croscopic properties including moments 
which have vt 2 in the integrand appear to have a greater difference 
between the Krook and the exact solution than do those with 
moments of the v velocity only. This is most noticeable in 
X 
the linearized case by comparing velocity and temperature 
profiles, where the difference between the two solutions for 
the velocity is approximately 30% at the peaks, while for the 
temperature it is closer to 10096 • This suggests that possibly 
the spherical symmetry inherent in the Krook collision model 
represents themalization incorrectly by assuming it to be equal 
in all directions around the mean velocity. 
Another important discrepancy between the Krook and the 
exact solution is the apparent dependence of the difference 
between these solutions in the low density region on the initial 
density ratio. The velocity profiles in Figure 14 indicate that 
the discrepancy is growing with Mach number. Comparison 
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between the Euler and collisionless solution (Figure 2) shows 
that whereas on the high density side the two velocity profiles 
are fairly close regardless of the Mach number, in the region 
near the eventual shock formation the discrepancy grows with 
Mach nwnber. Since the Euler solution is based on local 
equilibrium, the close proximity to it of the collisionless 
solution suggests that in the high density region the assumption 
of near equilibriwn inherent in the justification of the Krook 
model may be reasonably correct. Near the shock formation 
region, however, this assumption becomes less and less 
reasonable as tht! eventual shock Mach number is increased. 
In general we can conclude that at least for the problem 
where the initial temperature is the same on both sides of the 
diaphragm the Krook model gives a reasonable gross description 
of the initial effect of collisions. Since the Krook model is 
known to be correct (within the limitations of the one free parameter) 
as equilibrium is approached, its use for numerical studies in 
the transition range of problems similar to this one seems justified. 
The limitations of the validity in the eventual shock formation 
region and the apparent incorrect thermalization suggest that the 
use of the model in problems with collisions between streams of 
greatly differing velocities and temperatures may be unjustified, 
or at least less accurate. 
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Regardless of which solution we use we have now enough 
information to indicate at least the direction in which the profiles 
of the macroscopic moments will be altered initially as a result 
of collisions. Figure 15 represents a typical plot of the expected 
temperature profiles at various times as a function of N = x/a t. 
0 
In addition to the limiting cases of collis1onless and Euler 
solutions, profiles at~ = 1 and~ = 3 are obtained by adding the 
first collision solution, although the validity of the solution 
at ~ ::: 3 is doubtful. To make com pari son to the large time 
solution more meaningful a crude approximation to the Navier-
Stokes solution is evaluated for ?f' = 100 and ~::: 50. This 
approximation consists of neglecting all interaction between the 
shock, the contact surface and the expansion wave. The shock, 
however, is modified to be the equilibrium shock profile for a 
steady normal shock (Gilbarg and Paolucci ( 1953)). The contact 
surface is modified to include the heat conduction and viscosity 
as done by Golworthy ( 1959). The expansion wave is very crudely 
calculated by modifying a linearized solution for a wave front. In 
a linearized theory an equilibrium wave front for the temperature 
would be modified by viscosity and heat conduction into an error 
function, which in our variables would look as follows 
T= 
(T + T ) 
- e 
2 
T 
- T 
0 
2 erf { b 1'¥"'<a + c N)) 0 0 ( 6. l) 
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where T is the temperature on the high pres sure side, T e is 
Euler solution temperature on the low pressure side of the 
expansion wave,· b is a constant dependent on the undisturbed 
kinematic viscosity and Prandtl number, and a
0 
is the 
unperturbed speed of sound. For the non-linear problem the 
form was assumed to remain the same but b, a
0 
and c 0 were 
assumed to be functions of N based on the Euler solution. 
Though this cannot be expected to be a correct solution the 
"thickness" of the wave has the correct growth in time, and the 
general order of magnitude should be correct. 
At ~ = 50 the "non-interacting" Navier-Stokes approximation 
is at the absolute limit of its possible validity, because the region 
separating the shock and contact surface is very small compared 
to their thicknesses. The process of transition appears more or 
less direct and no really new phenomena can be expected to 
occur between ~ = 3 and~ = 50. The mathematical forms of 
the two limiting solutions are, however, vastly different. Inclusion 
of interaction in the Navier-Stokes solution would reduce the gap 
of uncertainty even further, and together with the first collision 
results would probably be adequate to describe the complete 
process of propagation of an initial density discontinuity. 
A look at the various other macroscopic variables {Figures 
8 to 13) shows that in general the initial effect of collisions is 
to alter the profiles in the proper direction towards the Euler 
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solution. What appears initially as an incorrect direction for 
the velocity perturbation (Figure IZ) in the "contact surface" 
region, becomes reasonable when one refers back to Figure 1 
and notices that the Navier-Stokes perturbation is also in the 
same direction. The temperature perturbation (Figures 13 c, d) 
in the "contact surface11 region for the high Mach nwnber cases 
likewise appears to be in the wrong direction. Aside from 
the dubious meaning of temperature for non-equilibrium flows 
the apparent excessive cooling in that region can be made 
plausible by noticing that the cooling comes from the high 
density region, where colli s ions become important earlier 
that in the 11 shock11 region where heating is expected to occur. 
Figure 16 is a plot of the heat flux distribution for~ = 0, 
1 and 3 based on the pre s ent first collision perturbation, 
compared to the same crude Navier-Stokes approximation of 
Figure 15 for~ = 50 and 100. Neglecting some difficulties 
in the regions of I N I >> 1, the general trend is to reduce 
the heat flux levels and m ake them qualitatively s imi. lar to the 
Navier- Stokes distributions . T h e fact t hat the heat flux level 
is being quickly reduced except in certain regions sugg ests 
that the Navier-Stokes equations should become valid in only 
a few mean free times. 
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The stress-velocity gradient and heat flux-temperature 
gradient relations have the same form in both continuum and 
collisionless cases (except for the time dependence of the 
coefficients in the latter) (Narasimha (1961)). This suggests 
that a good representation of the process of transition from 
collisionless to collision dominated flow can be obtained by 
looking at the ratio 
t Pxx ) -4 _u_a_u_ 
- !r rx 
or 
as a function of time. These two quantities evaluated on the basis 
of the first collision perturbation in the linearized case are presented 
in Figure 17. The perturbation appears to be in the right direction. 
Its form suggests that the assumption of a time dependent vi s cos ity 
(or heat conductivity) of the form 
-aC2;' 
= f-N.S. (1 - e ). 
where j'- N. S. is the usual viscosity and a is a constant. could 
be a useful means of obtaining a complete solution within the 
Navier-Stokes formalism. This technique has the advantage of 
going to the proper limits correctly while using only a single 
set of equations. 
( 6 . 2) 
50 
In the non-linear case calculation of a similar ratio 
of stress to velocity-gradient (or heat flux to temperature 
gradient) becomes complicated by the fact that in the first 
approximation the ratio can become infinite., because the 
numer ator and denominator do not vanish simultaneously. The 
s tre ss to velocity gradient ratio is shown in Figure 18 for the 
M = 2. 0 case. The much s tronger dependence of the perturbation 
s 
on pos ition ( N = x / c t) i s evident. The perturbation changes 
0 
s i g n around the regions of the "contact surface'' and the shock. 
It al s o becomes infinite in the vicinity of the "contact s urface''. 
Thi s i s jus t a re s ult of the fact that the first order perturbation 
doe s n ot g o to zero at the s ame point as the collisionless 
solution. Fortunately thi s difficulty occurs just in those regions 
w here the s tress i s zero and t h u s the stress-rate of stra in 
relation i s unimportant. An a ssumption of a tirn e d epend ent 
viscos ity o r h eat conductivity as in Equation (6 . 2) m i g ht b e 
less accurate t h an in the lin e ar cas e but certainly would s till 
retain t h e g ross f eature s of the problem. 
All t h e r esults of t he first colli s ion p e rtu r bat i on 3ugg e s t 
that a large f raction of t h e phenome n a occuri ng i n the transition 
to t he Eule r s olution w ill occur in a region where Na vier - Stokes 
equat i on s are valid. Thi s do es n ot mea n , h owever, t hat t he 
s olution will be i n gen e ral obtai nabl e by c ons idering a separat e 
sho c k , c o ntact s urfa c e a nd expansio n w ave w hi c h have t~1eir own 
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viscous structures but which do not influence each other. Unfortunately 
this interaction makes the problem very difficult in the non-linear 
case. Presently the linearized solution of the Navier-Stokes equation 
is being calculated for this problem. Later extension of at least 
the basic features of the interaction to the non-linear problem, coupled 
with the present short-time solution should adequately describe the 
propagation of an initial density discontinuity. 
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APPENDIX 
The Boltzmann equation in the transformed, non-dimensional 
variables has the form (Eq. 2. 9): 
cv ~ (v N, ~ ) + (v - N) (}f{~ N, CC' ) = ~ J{f, -:. N, ~ ) 
" o'a" • X oN 
where J is the collision term, non-linearly dependent on f(v, N, ~) 
for both the exact collision integral and the Krook model. We now 
look for solutions which are separable in the variables ?f and N 
(where v is just a parameter ). and which are finite at ?: = 0. The 
procedure can best be illustrated by calculating the first time-dependent 
terms and then generalizing to an infinite series. 
We assume that a separable solution of the form: 
exists and is finite at 'i"' = 0. The terms are assumed to have been 
ordered in such a way that g 1 (~ ) is the leading time-dependent term 
for small '?/. It can be readily verified that this form for f yields 
a similar form for J. Thus J(f, v, N, "?/) can be expressed as 
(A-1) 
(A- 2) 
(A- 3) 
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For the exact collision integral substitution of f as expressed by 
equation (A- 2) yields the relation between the h 1 and g 1• as well 
as the relations between J and f • and J 1 and f and f 1 . Since 0 0 0 
the inte gration is performed ov e r velocities only, the time dependence 
can be taken outside the integrals and 
J (f • v. N) = 0 0 
J 1{f0 , v, N) :::: 
lrfJf 
-oo 0 0 
( f l 0 • 
1 
- f f ) 
0 01 
3 bdbdBd v l 
For the Krook model, evaluation of the macroscopic parameters by 
integration over velocity space yields 
p(N.'?; ) = jJJ f(v, 
pv{ N,~ ) = JJJ f{v, 
. 3....a. 
N, 't' ) md v = p 
0 
( N) + g l t ~) p l { N) + g 2 ( "(;' ) p 2 { N) ••. 
3~ N.~) mvxd v = (pv)
0
(N) + g 1 (~) (pv) 1(N) + g 2(~) (pv) 2 
By u s ing Eq. {A-6) p, u, T for the Krook model can be also obtained 
as expansions in g 1 (~) , g2(~) ..• , and J is then evaluated again 
as an expansion in Clf with 
t(v -v (N) 2 + v 2 + v J l X 0 y Z exp -f (N) 2RT (N) 0 0 
(A-4) 
(A- 5) 
(A-6) 
(A-7) 
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while h 1 (~) is again equal to g 1 (~) and J 1 
involves f
0
, f 1 and p 0 , 
v 
0
, T 
0
, p 1• v 1• T 1 . The Boltzmann equation can now be rewritten as: 
df 
gl('t' { ~ dg1 df1 ~ Jo] (v - N) 0 + (v - + dN + d~ f1 N) dN -X X gl 
rdg2 f 2 + (vx - N) 
df2 ~g1 JJJ 0 g2(~) g2 d~ dN --- + •.. = g2 
The solution for f is of course the collisionless solution given 
0 
by equation 2. 15. Now if we want the rest of the solution to be 
separable and satisfy the equation for all ~. the coefficients of g 1 (ct ), 
g2(~) etc. have to be independent of~ and to be zero separately. 
The first equation 
~ dg1 f 1 + (v x - N) 
df1 
'?;' J 0 d~ dN - gl~) = gl 0 
c-e dg1 
canst. and 
cog 
canst. , d~ ::: gl(C:C) ::: gl 
or, 
where A is arbitrary, while the equation for f 1 becomes 
J 
0 
1\ 
(A-8) 
(A-9) 
(A- l 0) 
(A-ll) 
(A-12) 
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It is readily apparent that A can be chosen arbitrarily, since the 
product g 1('l: )_f1(v, N) is independent of A. We choose therefore 
to fix A as unity. Similar arguments for the coefficient g2(~) 
in equation (A-8) lead to 
and 
g2(ct > = 'Cl2 
df2 
( v X - N) dN -f 2f 2 = J 1 
Extension of equations (A- 2) and (A-3) to infinite series 
while retaining the condition of finiteness at '?1 = 0 yields the 
relations 
for all n 
while f (v, N) satisfy equations 2. 14 and 2. 15 of the text. Thus the 
n . 
only solution separable in the variables Clf and N which corresponds 
to the collisionless solution at~ = 0 is the power series in ~ 
discussed in the text. 
(A- 13) 
(A-14) 
0.
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COLLI SIONLESS 
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-2.0 -1.0 0.0 1.0 2.0 3.0 
N= (X/C0 t), (NORMALIZED DISTANCE) 
FIG.2- LIMITING SOLUTIONS 
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